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PUBLIC EDUCATION, OCCUPATIONAL CHOICE,
AND THE GROWTH-INEQUALITY RELATIONSHIP*

By HUW LLOYD-ELLIS'!

This article develops a dynamic general equilibrium model in which the occu-
pational structure of the economy drives a wedge between the social and private
returns to schooling for some workers. I study the impacts of alternative al-
locations of public resources between basic and higher levels of education on
enrollments, income distribution, and growth. In particular, I illustrate how the
growth-inequality relationship depends on the tension between two forces: (1)
the “trickle-down” effects of expenditures on higher education and (2) the posi-
tive impacts on secondary enrollments generated by high-quality basic education
and reduced parental inequality.

1. INTRODUCTION

Perhaps the most commonly cited determinant of differences in national economic
growth rates is the average level of schooling of the working population (e.g., Ben-
habib and Spiegel, 1994). While this is often interpreted as reflecting differences in
investment levels by representative households, a more accurate interpretation is that
in many countries a large fraction of the population does not acquire education be-
yond the primary level. Since differences in educational attainment are known to be
key determinants of income disparities,” the incentives provided by the education
system are a crucial link between growth and inequality. This article examines the
implications of education policy for growth and income distribution when agents face
nonconvexities in the private returns to publicly funded education.

A number of recent articles also investigate how the nature of the education sys-
tem affects the general equilibrium relationship between income distribution and
the growth rate. Glomm and Ravikumar (1992) compare the growth-inequality rela-
tionship under private and public education regimes. Bénabou (1996a) considers the
macroeconomic effects of educational financing at local, state, and national levels.
In contrast, this article focuses on the role of heterogeneous incentives to acquire
education created by the interaction of two structural features of the economy: (1)
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the allocation of limited public resources across different levels of education and (2)
asymmetries in the nature of occupational compensation.

Although very few governments charge for their educational services, different in-
come groups do not benefit from them equally. As Jimenez (1986) points out, “Free
provision is not free consumption”: To benefit from public services, a household has
to incur private costs, including transport costs and the opportunity cost of the stu-
dent’s time in terms of home production. Moreover, parents also incur the costs
of other inputs to human capital (e.g., nutrition, books, and private tutoring) that
complement public spending. For these reasons, even if innate ability is randomly
distributed, children from richer backgrounds tend to get further through the ed-
ucation system. These distributional effects are often compounded by the skewed
allocation of public resources between basic and higher levels of education. Mingat
and Tan (1985) find that for developing countries as a whole, an average of 71 per-
cent of the population in each generation receive primary schooling, but they receive
only 22 percent of the resources devoted to education. In contrast, the 6 percent who
attain higher education receive 39 percent of the resources.

One justification for allocating more resources to higher education is that this may
create important positive spillovers or “trickle-down effects” that generate growth
that is beneficial to all workers. An often stated objective of the higher education sys-
tem is to create “...a class of educated leaders to fill vacancies...in governmental
services, public corporations, private businesses and professions” (Todaro, 1985:346).
However, many studies suggest that the returns to public investment in basic edu-
cation are far higher (see Psacharopoulos, 1985). The recent development experi-
ences of South Korea (high growth, low inequality) and Venezuela (low growth, high
inequality) highlight the potential consequences of alternative allocations of public
resources across different levels of education. Although both countries spent a sim-
ilar percentage of their 1985 GDP on education, Korea allocated just 10 percent of
its public education budget to higher education, but Venezuela allocated 43 percent
(Birdsall, Ross and Sabot, 1995).

To study these issues, this article develops a two-period overlapping generations
growth model. When young, agents receive an educational investment from their
parents. The marginal impact of parental investments on in-school productivity is
greatest for children from poorer backgrounds and declines with household income.
The young also receive the minimum level of basic education necessary to undertake
any occupation and then choose whether to acquire further education via the sec-
ondary school and/or university system. Human capital thus depends on the quality
of each level of education as well as the investment made by parents. The quality of
education depends, in turn, on public investment financed by direct taxation. When
old, agents use their human capital in one of two kinds of occupation: high-skilled,
managerial occupations or low-skilled, wage-laboring occupations. The human capi-
tal of each high-skilled worker, embodying both formal education and raw ability, is
combined with as much wage labor as desired at the equilibrium wage rate. Agents
optimally allocate their lifetime earnings between consumption and the human capi-
tal of their offspring.

The key distinction between the two occupations is that high-skilled agents can fully
appropriate the returns to their education, but low-skilled production workers cannot.
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This is so because while the human capital of all workers contributes to total factor
productivity, only high-skilled occupations offer salaries that depend on the individual
characteristics of the worker. Low-skilled occupations offer wages that depend only
on overall productivity.® Since the acquisition of higher education requires a discrete
investment of time, students who anticipate employment in low-skilled occupations
have little incentive to acquire education beyond basic levels.* The asymmetry in the
nature of occupational compensation thus drives a wedge between the private and
social returns to schooling for some workers and results in a nonconvexity that affects
enrollment.

Income inequality affects the equilibrium experienced by the next generation in
two ways. First, because of decreasing returns in the impact of parental inputs, a
(mean-preserving) reduction in household income dispersion raises the average in-
school productivity of children. This raises the average productivity of the work force
and results in reduced income dispersion. This productivity effect is similar to those
considered by Glomm and Ravikumar (1992) and Bénabou (1996a). Second, a reduc-
tion in income dispersion increases the fraction of agents from low-income house-
holds entering higher education by more than it decreases the fraction of agents
from high-income households doing so. As a result, enrollments rise, the supply of
high-skilled workers expands, and aggregate production increases. The presence of
this occupational effect plays a crucial role (see below) and is consistent with Fig-
ure 1, which depicts the statistically significant negative impact of household income
inequality, measured by a Gini coefficient, and contemporaneous enrollment in sec-
ondary school across 35 countries.” Williamson (1993) documents similar empirical
regularities.

The model enables us to detail the immediate, transitional, and long-run impacts of
transferring resources between education levels. Because high-skilled and low-skilled
workers are complementary factors of production, an equilibrium “trickle-down ef-
fect” results from a transfer of resources toward higher education. However, this is
offset by the associated reduction in the quality of basic education. Even if the hu-
man capital of high-skilled agents rises as a result of the reallocation, marginal agents
with relatively low levels of potential human capital drop out of the education sys-
tem. As a result, enrollments fall, and income inequality grows. If relative inequality
increases, the average in-school productivity of the subsequent generation and en-
rollments decline. This, in turn, raises the level of inequality among that generation
so that more of their offspring enroll in higher education, and so on. It follows that

3 One motivation for this assumption is that higher education provides screening information. For
agents with only basic education, there is no such prescreening, so the costs to a firm of sorting are
high relative to the benefits. The quantitative importance of education in screening workers has been
pointed out by Boissiere, et al. (1985).

4 Birdsall, et al. (1995:500) observe, “...children from low-income households learn from expe-
rience that no matter how great their effort, it will be insufficient to compensate them for the low
quality of the schools they attend. In contrast, poor children in high-quality schools who see tangible
rewards for effort are more likely to make such an effort.”

’ Enrollment data are taken from the World Bank Statistical Tables. Gini coefficients are derived
from quintile data reported in the World Development Report (various issues). The significant neg-
ative impact remains after controlling for real per capita GDP.
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INEQUALITY AND SECONDARY ENROLLMENT

reallocations of public resources that improve the quality of higher education at the
expense of basic education can result in reduced enrollments in higher education,
greater inequality, and lower growth.

With decreasing returns in the impact of parental income, the distribution of rel-
ative incomes converges to a stationary distribution, and the growth rate converges
to a constant function of structural and policy parameters. The long-run relation-
ship between growth and inequality resulting from different allocations of public
resources is nonmonotonic. As resources are shifted from higher to basic education,
the negative growth effects of the reduction in the quality of higher education are ini-
tially outweighed by the positive growth effects of increased enrollments and reduced
parental inequality. Eventually, however, the growth benefits of “leveling the playing
field” are offset by the costs resulting from the reduced productivity of high-skilled
workers. Thus long-run growth initially increases and then declines with the level of
inequality.

The model also provides a tractable synthesis of some key aspects of other general
equilibrium theories of growth and income distribution. In the models of Glomm
and Ravikumar (1992) and Bénabou (1996a), tractability is ensured by the linear-
ity of individual transitions and the assumption of an initial lognormal distribution
of human capital. The presence of occupational asymmetries implies that individual
transitions are nonlinear and that the Markov process is nonstationary. Such nonlin-
earities are also present in the work of Galor and Zeira (1993), Aghion and Bolton
(1997), Banerjee and Newman (1993), and Lloyd-Ellis and Bernhardt (1995). How-
ever, these models do not lend themselves to a tractable analysis of the interaction
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between inequality and sustained growth. The distribution of income in these models
converges to a stationary distribution, and there is no long-run growth. The model
considered here offers a tractable analysis of (1) the convergence of the endoge-
nous, nonlinear, nonstationary Markov process describing the evolution of relative
incomes and (2) the interaction between the endogenous distribution of income and
the growth rate.

The outline of this article is as follows: Section 2 sets out the structure of the econ-
omy, and the optimal behavior of individual agents is derived in Section 3. Section 4
characterizes the macroeconomic equilibrium, and Section 5 analyzes the transitional
dynamics of the distribution of income. Section 6 characterizes the implications of
alternative allocations of public resources across different levels of education for en-
rollments, growth, and the distribution of income. All proofs and derivations are
contained in the Appendix.

2. THE MODEL

The economy consists of a continuum of family lineages whose generations overlap.
There is a unit measure of households, each of which consists of an old agent and
a young agent. When young, each agent receives a parental investment plus the
minimum level of basic education required to undertake any occupation. When old,
each agent works and reproduces one agent so that the economy’s population is
constant over time. The agent allocates his or her lifetime income toward his or her
own consumption and to expand the resources of his or her offspring.

Agents are assumed to have identical preferences

(1) M(At’ Cs et) = log(l - )‘t) + (l - :3) log ¢+ :810g €

where 0 < B < 1, A, is the effort exerted in acquiring higher education, ¢, is con-

sumption, and e, is the parental investment in offspring. Thus parents value the

investment in their offspring independently of the impact that it has on income.®
Students acquire human capital through the formal education system according to

/ _
(2) ht(/\t’ €15 Ebt’ Eht) = [ObEb}»Lt + )‘tehE;:r]p g ell 8

where 0 < p < 1 and 0 < u < 1. Here, E,, represents the basic level of education
received by all young agents and E,, represent the higher education acquired by those
agents who exert positive effort A.” The productivity of the student at both levels of

®1t is straightforward to show that having parents value their child’s expected human capital
does not change any of the results since, in equilibrium, expected human capital is log linear in e,.
Assuming that parents value their child’s income or utility significantly complicates the equilibrium
analysis. However, provided that parents cannot borrow against their childen’s expected income or
insure them against idiosyncratic shocks to their income, these alternatives should not change the
qualitative results of the article.

7One could model the choice of effort in basic education. However, if one unit of effort is the
minimum requirement for any occupation, the reduced form would be identical to that considered
here.
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schooling depends on the investment e, made by his or her parent. To emphasize the
role of different levels of education, I assume that the time spent in school is discrete:
Either students leave the education system immediately after the basic level, or they
attend both levels of education. The assumed functional form captures key elements
of the education system in a simple way. There are decreasing returns to public
investments at each level of education, u < 1, and decreasing returns to parental
inputs. However, there are constant returns to scale to all inputs into human capital
formation.®

Public education is financed via taxes on parental income. If the aggregate income
of parents is Y,_, and the income tax rate is 7, then total revenue is 7Y,_,. We assume
that the shares of total revenue allocated to basic and higher education are constant
and are given by x, and x, respectively. The education received by each student in
higher education depends on aggregate public expenditures in the following way:

Xp 7-Yt—l

(3) E, = S;"

where 0 < @ <1 and S, denotes the total number of students enrolled in higher ed-
ucation. If @ = 1, then the quality of higher education depends only on spending per
student enrolled. If, instead, @ < 1, then expenditure need not increase in propor-
tion to enrollment to maintain quality. This relationship captures the possibility that
there may be public good aspects to some components of public spending on higher
education.’ In the case of basic education, this is a nonissue because everyone always
receives it. Thus basic education is simply

4) E, =x,7Y,_,

Combining these assumptions with Equation (2), we get

Sa

t

X p P/ .
5) Ao Yy ) = [ebxﬁ A0, (—h) ] (Y, ) e

When they become economically active, agents are distinguished by two character-
istics: the human capital acquired through formal education / and their innate ability
z. Ability is drawn from a time-invariant uniform distribution with support [0, 1]. The
distribution of human capital is determined endogenously, as described below.

The production side of the economy parallels that described by Lucas (1978) and
Jovanovic (1993). There are a continuum of production units each of which requires
a single nonproduction worker (a manager) together with /, production workers in
order to produce. I refer to these as firms, but they could be thought of as projects,
plants, or departments of a firm. Each firm produces a single consumption good
according to the common Cobb-Douglas production technology:

(6) f(Z, h,H,, lt) = (Zh)lia(Htlt)S

8 Although the assumed education system resembles that considered by Eckstein and Zilcha (1994),
there are crucial differences. There are two levels of education, students choose their own education
beyond the basic level, and parental inputs are complementary.

 None of the results that follow depend qualitatively on the value of a.
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where /, is the number of production workers at the firm, H, is the average human
capital of production workers, 4 is the manager’s human capital, and z is his or her
innate ability. Thus zA may be regarded as the managerial capital of the firm. There
is perfect competition among firms in the market for managers, so they receive all
the rents from production.!’ Note that I implicitly assume that firms do not sort low-
skilled workers by their human capital levels so that the average human capital is the
same across all firms.!! If 8 = 0, only the high-skilled occupation would be necessary
for production. This special case provides a useful benchmark for considering the
role of occupational asymmetries.

There is no individual or aggregate uncertainty. At the beginning of each period,
young agents observe their basic education level and their own innate ability and
choose whether or not to acquire the higher education needed to enter the skilled
occupation. If his or her managerial capital is sufficient, then an agent becomes a
manager. If not, he or she works as a wage laborer at the equilibrium wage w,.
The parental input e, innate ability z, schooling effort A, and occupational choice
of an agent, together with public expenditures, at each education level x, and x,
determines his or her lifetime income, given the equilibrium obtaining during that
period, y(z, e,.1, A,, X3, X, W,).

3. OPTIMAL BEHAVIOR

In this section I consider the optimal behavior of individuals, taking the equilibrium
low-skilled wage as given. I solve the individual agent’s optimization problem in two
stages. When old, an agent that earned income y, and faces a tax rate 7 chooses c,
and e,,; to maximize Equation (1) subject to the second-period budget constraint:

(7 cten=0-1)y
The optimal consumption and parental investment policies are, respectively,
©) c(y)=(1-p)d -1y, e(y,) = B(1 - 1)y,

Thus each parent expends a constant share of his or her after-tax income on his or
her offspring.

When young, given his or her basic schooling and his or her parent’s investment
and after observing his or her own innate ability, the agent decides whether to con-
tinue on to formal higher education. This decision depends on a comparison of the
utility received in wage labor and that received in the skilled occupation after hav-
ing exerted the optimal level of effort. His or her income when old depends on the
occupation he or she chooses and on the effort exerted in the education sector.

A firm that hires a manager with formal education % and ability z chooses the
quantity of production workers it hires to solve

(9) mlax (Zh)]_ﬁ([_ltlt)6 - wtlt -V
t
10 An alternative formulation might interpret the manager as an entrepreneur setting up a firm

and hiring labor himself or herself. The resulting equilibrium would be identical.
'See footnote 4.
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where w, is the period ¢ equilibrium wage rate and v is the salary paid to the manager.
The firm’s labor demand at the wage rate w, is therefore

5H,)1/“) zh

(10) 1(z, h) = ( -

wf t
With perfect competition in the market for managers, the firm earns zero profits,
and the manager receives all the rent associated with his or her managerial capital

as salary:

" v/(z, h) =(1-19) (6}1,)5/(15) ”

w;

If an agent becomes a production worker, he or she optimally chooses A = 0 and
receives utility log Bw,, where B = Bf(1 — B8)!7A. Otherwise, he or she enrolls in
higher education and chooses his or her effort, A, to maximize Equation (1) subject
to Equations (5), (8), and (11). Assuming an interior solution, this yields the optimal
schooling effort

n
(12) AS) = P <L) L3 (ﬁ) a
P+ pt+um) 6, \x,

Thus all agents who enter higher education exert the same effort. The optimal effort
depends on the public spending on each level of education and the aggregate enroll-
ment in higher education. The greater is the quality of higher education, the greater
is the marginal benefit of each unit of effort exerted and so the greater is the opti-
mal effort. The greater is the quality of basic education, the less effort is required
to achieve any given level of human capital and so the lower is the optimal level of
effort.

For allocations of public expenditure such that p6,x}, > p6,x!/S*, the optimal
schooling effort would be a corner solution where A(S,) = 0. If the marginal produc-
tivity of higher education were very low, transferring resources from basic to higher

education might reduce the human capital and the utility of all agents. The following
assumption rules out this possibility.

ASSUMPTION 1.

2o ()

Assumption 1 implies that at the allocation of public expenditures where A =0, a
transfer of resources from basic to higher education always makes those who attend
higher education better off.

An agent whose parent’s income was ¥, , thus attains one of two levels of schooling
depending on his or her realized ability z. Either he or she enrolls in higher education
and receives human capital

Xp

(14) h(5) = {ﬁ |:0th + 0, <S;">#:| }”/“ (7Y, ) [B(1 = D)y, ]
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or he or she drops out early and receives only a basic education

(15) h(3) = 10,2, 1" (7Y, ) [B(1L = )5, ]

The ratio of the human capital acquired from these alternatives depends only on
public spending to each level of education and the level of secondary enrollment:

p/1

_ h,(3) _ (p+ M)ebxg
) |p [‘Wﬁ +0, (%rh)“]

I assume that public expenditures on basic and higher education are such that the
net utility of a high-skilled worker from entering further education is positive: (1 —
M)z, h,(3)] > v[z, h(7)]. This is true for all agents if x, and x, satisfy the following
assumption:

(16) 0(S,)

ASSUMPTION 2.
17) 1-A(8)>0(S) vSe(0,1)

Assumption 2 implies that the allocation of public expenditures are such that some
agents always wish to acquire higher education.!? In an economy with only high-skilled
occupations (6 = 0), Equation (17) would imply that a/l agents enroll in levels of
education beyond the basic level. However, the presence of the low-skilled occupation
introduces a nonlinearity that leads some agents to drop out early. Whether or not a
student enters higher education depends on whether his or her realization of ability z
yields a utility from nonproduction work that exceeds the utility of being a production
worker. The ability of the marginal student whose parent earned y and who is just
indifferent between continuing and dropping out is defined by

(18) log(1 = A(S,)) + log Bu,({, (7)) = log Buw,

Substituting for v,(-) using Equation (11) and solving for z¢ yields the critical ability
level:

w w-limwl @) i

The potential salary in the high-skilled occupation is not sufficient to compensate
students with z < z¢() for the effort required to attain higher education, and hence
they enter the low-skilled occupation. Agents with z > z¢(¥) can earn a salary in the
high-skilled occupation that compensates them for the additional effort of acquiring
higher education.

At this stage it is helpful to normalize the distribution of income. The following
preliminary result follows from the uniformity of the ability distribution and consid-
erably simplifies the analysis:

121t is straightforward to show that if Assumption 2 holds for S, = 1, it must hold for all S, € (0, 1).
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LEMMA 1. The salary function of a high-skilled worker (11) can be restated in terms
of the level of enrollment in higher education S,:

o\ /09 a(S,) B
_ Ava-s) (e _ ‘
(20) v(z,h) =A (wt) zh=A [1 — /\(St)] zh

It follows, in particular, that the maximum salary v, evolves according to

o e ()]

x (1Y,)" [B = 7)9, 4"

Let n represent the income of an agent relative to v,. Then the relative human capital
attained by an agent whose parent earned relative income 7,_, and whose ability is
z is given by

~1-p . o=
MNi-1 if z = 21(771_1’ wt)

(22)

h
h, ®(St)ﬁ::1p if z < ch(ﬁz—u w,)
where the ability of the marginal student can be expressed as
1 w 1
23 (M =77 )=
* 50 =) () 77
Lineage relative income evolves according to

e . of =
Zm_f if z>z{(n,_,)

(24) n = X »
ﬂ,l:f if z < z{(M,_1)

where

(25) n ==

is the relative wage. Observe that because of the presence of occupational choices,
the process governing individual transitions is inherently nonlinear. Let Z(n, 7) be
the value of z such that n = z'~*. Then

(26) 2. 7) = =
n

is the fraction of agents whose parents earned relative income 7, earning income
less than a fraction n of the highest income in the economy. The remaining fraction,
z¢(7), become wage laborers and receive relative income m,. Hence the distribution
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of relative incomes conditional on relative parental income is given by
0 if n < m,

1
zi(1) ifn <n<|—7<5 |7,
7) P(lf) = )

~ ~ . 1 ~1_p
zZ(m, M) if [m]ﬂt§n<”’l

1 otherwise

This distribution is a mixed distribution, consisting of a point mass of wage labor-
ers at w,/v, and a continuous density of relative incomes on the interval [w,/[1 —
A(S,)v,], 1]. Note that the effort required to attain higher levels of education drives
a wedge between the equilibrium production wage and the lowest salary of nonpro-
duction workers.

4. EQUILIBRIUM

Up to now I have considered the behavior of agents given the time ¢ equilibrium
wage w, and the aggregate enrollment in higher education S,. I now complete the
model by determining the time ¢ equilibrium for the economy, given a distribution
of relative parental incomes. The time ¢ aggregate supply schedule for wage labor
L3(w),) is given by

2§ (n) 1 w
S _ — —
(28) Ly = [ [ der = (=5 ) (5)
where the term
1
(29) v, = / ()

represents an occupational factor. A mean-preserving reduction in the dispersion of
parental incomes causes the occupational shift factor, and hence the supply of pro-
duction workers, to fall. For a given wage, transferring income from rich to poor
households increases the in-school productivity of children from poorer households
by more than it decreases that of children from richer households. It follows that a
greater fraction of the young have an incentive to enroll in higher education, thereby
reducing the supply of production labor.
The aggregate demand for production labor L?(w, A,) is given by

o w5 G- ()

where

(31) ®, = [ 1'"F,_\(dn)

n
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is a productivity factor. A mean-preserving reduction in the dispersion of parental
incomes raises the demand for labor for two reasons. First, it increases the in-school
productivity of students from poorer backgrounds by more than it lowers that of those
from richer backgrounds. Second, it increases the fraction of agents that become
nonproduction workers in equilibrium. Thus the occupational factor has a negative
impact on the aggregate demand for low-skilled labor; the greater the supply of low-
skilled labor, the lower is the supply of high-skilled workers.

A period t competitive equilibrium for an economy with an initial parental distri-
bution of relative incomes F,_;(-) and upper support on incomes v,_; is a vector
{ws, L;, SF, A7} such that

t

« The government balances its budget: x, + x, = 1.

* Given the wage wj, firms choose their labor demand to maximize profits
Equation (10).

 Firms earn zero profits Equation (11).

e Given the wage w? and the level of secondary enrollment S;, each agent
selects his or her occupation and chooses his or her educational effort A* to
maximize utility, Equation (12).

 The market for production workers clears: LS(w?, A¥) = LP(w, A¥) = L¥(AY).

¢ All agents that do not become production workers enroll in secondary educa-
tion: §; =1—L7.

Given A,, the labor market clearing conditions yields the following equilibrium
wage, where 7, is given in Equation (21)%:

A\
32) - <T> 3,
t
where
1— 2

T21-8)(1—-A)+0

The associated equilibrium fraction of production workers with only basic education
is then

(34) Lt(/\t) = [2(1 —

5DV, ]”2
8)(1—A,)+6

and equilibrium aggregate income is given by

tht q)t(l B )\t)l_)t

(35) Y= T —A)to

Labor market equilibrium is illustrated in Figure 2. The area OwBL represents the
total wage bill of low-skilled workers; the rest is equal to the total salaries of high-
skilled workers. The area wAB represents producer surplus, and the area BCDL
represents the rent accruing to owner/managers. It follows that

13 See Appendix for derivation.
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FIGURE 2

LABOR MARKET EQUILIBRIUM

LEMMA 2. Aggregate current income Y, is equal to the area below the upper enve-
lope generated by the supply and demand curves.

Lemma 2 implies that any change that causes the demand and supply curves for
labor to shift up will result in an increase in aggregate income as well as the wage.
The equilibrium fraction of nonproduction workers with higher education is

5D, W, ]”2

(36) Si(A)=1- [2(1 (1 —Ar)+o

Figure 3 illustrates the determination of equilibrium in terms of A, and S,. The SS
curve represents Equation (36)—the equilibrium level of secondary enrollment as a
function of the required effort. Points on this curve represent labor market equilibria.
The EE curve represents Equation (12)—the optimal effort level as a function of the

A
7 P PP E

*
0 S: 1
FIGURE 3

SCHOOLING EQUILIBRIUM
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anticipated level of secondary enrollment.'* The period ¢ equilibrium is represented
by the intersection of these two curves.

LEMMA 3. The period t competitive equilibrium exists and is unique.

The inequality associated with income distributions can be compared in terms of
their Lorenz curves. These show the share of total income received by the poorest
fraction p of the population as p varies from 0 to 1:

v,

()
(37) Alp)=+ nF,(dn)
170

where 7,(p) is defined implicitly by F,(,) = p. Distribution F,(-) Lorenz dominates
distribution F,(-) if A;(p) = A,(p) V p. That is, the entire Lorenz curve of distri-
bution F,(-) lies above that of F,(-). Lorenz dominance is a sufficient condition for
a reduction in inequality as measured by most commonly used indices of inequality.
The slope of the Lorenz curve at a given point is equal to the ratio of the relative
income of the corresponding quantile of the distribution to the mean income of the
distribution. Figure 4 illustrates a typical Lorenz curve for this economy. The linear
segment OA corresponds to production workers and has slope
wt

(38) g, = 7t

Note that given the Cobb-Douglas technology, the vertical component of this seg-
ment is always equal to 8. The convex segment AB corresponds to higher-skilled
nonproduction workers. The slope of the Lorenz curve at B is given by

(39) 7 = %
1 B
A)
5 .......................
0 Lo !
p
FIGURE 4

LORENZ CURVES

41f « = 0, the EE curve would be horizontal.
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5. TRANSITIONAL DYNAMICS AND CONVERGENCE

Since P,(n| %) is the probability transition function for relative incomes, the dis-
tribution of relative income evolves through time according to

(40) Fy(n) = [ P.(n| #)F,.(d7)

where F,(-) is given.”® This section characterizes the evolution of the distribution
of income, holding all policy parameters fixed. I assume that the parameters of the
model are such that the growth rate is positive (see below).

The transitional dynamics of the economy depend, in part, on the distribution of
relative incomes among the initial old generation Fy(-). I focus on the dynamics of an
economy for which Fy(-) is such that in the following generation: (1) the distribution
of relative incomes F,(-) dominates Fy(-) in the first-order stochastic sense, and (2)
the minimum relative income m, is not too low. Given these initial conditions, the
transitional dynamics of the economy can be summarized as follows:

PROPOSITION 1. There exists ay € [0, (8/(2 — 8))"/*] such that if n, > vy and if
F,(-) dominates F(-) in the first-order stochastic sense, then in each successive generation

(a) The fraction of the population enrolled in higher education and entering high-
skilled occupations increases through time: S,,, > S,.

(b) The minimum relative income increases through time: n., >0,

(c) The distribution of relative incomes dominates that of the prevlous generation
in the first-order stochastic sense: F, (n) < F,(n) for all n € [0, 1].

(d) Inequality declines through time, in the Lorenz dominance sense.

To understand these results, consider any period ¢ + 1 such that the distribution of
relative incomes of the current old generation F,(-) stochastically dominates that of
the previous old generation F, ;(-). Since mean output grows, it follows that v, >
v,_,, SO this represents a second-order stochastic increase in the distribution of actual
parental incomes. For a given level of schooling effort A,, the implied compression in
the distribution of relative incomes generates an increase in the demand for higher
education and hence a reduction in the supply of low-skilled workers Equation (28).
However, the redistribution also increases the average in-school productivity of high-
skilled workers, thereby raising the demand Equation (30) for them (the productivity
effect). It follows that the wage and aggregate income must both rise (see Figure 2).
Provided that the dispersion of incomes among the ¢ — 1 old generation (indexed
by ﬂt—l) is not too high,!® the occupational effect always outweighs the productivity
effect, so in the equilibrium, levels of low-skilled workers fall and enrollments in
higher education rise. This is represented by a rightward shift in the SS curve in
Figure 3.

15 Since an individual’s relative income depends on the entire distribution of relative incomes via
its effect w, and S,, it is not possible to analyze the behavior of the economy by studying a single
lineage.

'%Since A > 0, the equilibrium relative wage n,_ must lie in the interval [0, (8/(2 — 8))'"*] (see
Equation 32).
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As enrollments rise, however, the effective quality of higher education falls, so
the optimal effort level declines, until the new equilibrium (S$*, A*) combination is
reached.!” The reduction in A causes additional upward shifts in the supply and de-
mand curves for labor demand, so the wage and aggregate income rise still further.
The growth in the wage exceeds the growth in the maximum salary, so the minimum
relative income 7 rises.

Since labor moves from low-skilled to high-skilled occupations and the distribution
of incomes becomes more compressed, the time ¢ + 1 distribution of relative incomes
F,_,(-) stochastically dominates that at ¢, F,(-). The evolution of the distribution of
relative income is illustrated in Figure 5. By induction from period 1, as long as 7, is
not too low, the occupational effect always dominates the productivity effect so that
L,., <L, and parts (a), (b), and (c) of Proposition 1 follow.

Since the distribution of relative income stochastically increases, mean relative
income Y,/v, rises. It follows that the slope of the Lorenz curve at p =1, 0, =17,/Y,,
falls (see Figure 4). Moreover, since L., < L,, the slope of the Lorenz curve segment
OA, o, = w,/Y, = 6/L,, must rise. Since the segment AB is strictly convex, these
conditions are sufficient to ensure that the entire Lorenz curve at time ¢+ 1 lies
within that at time ¢.

Since there are decreasing returns to parental inputs to human capital, p € (0, 1),
the marginal impact of a poor parent’s income on his or her child’s human capital
exceeds that of a rich parent. In particular, this implies that the lower support on the
dlstrlbutlon of relative incomes n, increases and eventually converges to a constant

value n*. To see this, note that the lower support on the distribution of relative
income is given by
w A,D,\"
41 e A ke it
e LT, ( v,

Since F(-) dominates F,_;(-) in the first-order stochastic sense, it follows that n >
m,_, for all 2. Whatever the distribution, it must be the case that ®, <1 and ¥, > 1.

0 1_71 ﬂtﬂ 1

FIGURE 5

EVOLUTION OF THE DISTRIBUTION OF RELATIVE INCOMES

71f & = 0, A, would remain constant.
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Since A4, < 8/(2 — ), it follows from Equation (41) that n < [8/(2 — 8)]"%. Since
it is increasing and bounded from above, the sequence n must converge to some
constant value n*. From Equation (27) the process governing the evolution of the
distribution of relative incomes therefore converges to a Markov process with a sta-
tionary transition function given by

0 if n <n*

3 . 1
z(n) ifn*<n< <7>ﬂ
(42) P*(n|n) = 1
i)t (g Ju =<

1 otherwise

The process is monotone because the distribution of relative incomes among the
offspring of agents with high relative income dominates that among the offspring of
agents with lower relative incomes in the first-order stochastic sense. Moreover, the
process satisfies the monotone mixing condition (Hopenhayn and Prescott, 1992).
That is, for any 9 € (n*, 1), after a sufficient number of generations, there is a
positive probability that the descendant of an agent with » in any neighborhood of 1
earns relative income below 7 and a positive probability that the eventual descendant
of an agent with 7 in any neighborhood of n* receives relative income above 7. As a
result, after a sufficient number of generatﬁns, the distributions of relative incomes
among the descendants of the richest and poorest agents living at time ¢ converge
to identical distributions. By monotonicity, the distribution of relative human capital
among the descendants of all agents living at time ¢ must converge to the same
distribution, and so

PROPOSITION 2. The distribution of relative incomes converges to a unique time-
invariant limiting distribution F*(-), which is independent of initial conditions.

Since the distribution of relative incomes converges to a stationary distribution, the
extent of relative inequality as measured by the Lorenz curve converges. In particular,
the slopes of the Lorenz curve at p = 0 and p = 1 converge to steady-state values o
and o. The distribution of actual incomes is not stationary in the long run. As mean
income rises, the distributions of actual incomes grows in the first-order stochastic
sense.

6. EDUCATION POLICY

This section details the effects of public subsidies at different levels of education
on growth, the distribution of income, and the relationship between them. I trace out
the immediate, transitional, and long-run consequences of a permanent reallocation
of public resources.

6.1. Impact Effects. An increase in the share of revenue going to higher educa-
tion x, increases the incomes of those agents which acquire both levels of education
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and enter high-skilled occupations. However, it also increases the incomes of agents
that acquire only basic education. There are two reasons for this. First, because
high-skilled and low-skilled workers are complementary factors of production, the
increased productivity of high-skilled workers increases the demand for low-skilled
workers. Second, for any given low-skilled wage, the increased spending on higher
education also creates a greater incentive for marginal students to acquire higher
education. It follows that the supply curve of low-skilled workers shifts in. Since the
demand curve shifts out and the supply curve shifts in, the equilibrium wage w, unam-
biguously increases. Thus there is an equilibrium “trickle-down effect” from increased
spending on higher education that raises all agents’ incomes.

If, however, the increased spending on higher education is at the expense of re-
sources allocated to basic education x,, the trickle-down effect is offset by the as-
sociated reduction in the quality of basic education. This makes it more difficult for
students from poorer backgrounds and/or relatively low ability levels to acquire suf-
ficient levels of human capital to make higher education worthwhile. As a result,
marginal students drop out early and enrollments decline, even though the quality of
higher education has increased. The overall effect can be represented in Figure 3 by
an upward shift in the EE curve.

Depending on the initial balance of resources, the human capital acquired by high-
skilled workers could either increase or decrease as a result of such a reallocation.
However, even if the human capital acquired by high-skilled workers rises overall, sec-
ondary enrollments decline, and public resources become concentrated among even
fewer students. Thus the increased inequality resulting from the reallocation is com-
pounded by the associated decline in enrollments. The following proposition summa-
rizes these effects:

PROPOSITION 3. A reallocation of public resources from basic (higher) to higher
(basic) education

(a) Reduces (increases) enrollments in higher education.
(b) Increases (reduces) inequality in the Lorenz dominance sense.

Note that the result that enrollments always decline as resources are shifted from
basic to higher education stems from the assumption of a Cobb-Douglas production
function, which implies that the shares of total income going to low-skilled labor is
fixed, wL = 8Y. As a result, an increase in inequality (a reduction in w/Y’) always
must be associated with a decline in enrollments (an increase in L). Although with a
different production function enrollments might rise over some ranges, this need not
change the impact on inequality.

Although enrollments in higher education decline, the impact of the reallocation
on aggregate output and average income is, in general, ambiguous. On the one hand,
it raises the productivity of those agents which acquire higher education; on the
other hand, it reduces the number that acquire that level of education and lowers
the productivity of those who do not. The impact on the subsequent generation is
therefore nontrivial. The increase in inequality reduces enrollments and the average
productivity of the following generation. If aggregate income declines, then so also
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do tax revenues and aggregate parental investments, thereby reinforcing the impact
on subsequent generations. If, instead, aggregate income rises, the impact on the next
generation is ambiguous. Note, however, that since the evolution of the distribution
of relative incomes is independent of the level of aggregate income, this ambiguity
does not affect the convergence of the distribution

6.2. Steady-State Effects. As F,(-) converges to F*(-), both &, and S, converge
to their long-run values o and S, respectively. Using Equations (21) and (35), the
steady-state gross growth rate is given by

Y, N v, ) B(1—1) e P
*3) Yt_l_a_T[ T } (p+u>

L) T[]

Taking logarithms yields the long-run growth rate:

m P/
@ r=toerls o] g ) ot () |

L

-(1 —p)logE—logA[ o0)

This expression provides a convenient decomposition of the various avenues
through which the education system affects the growth rate. The first two com-
ponents represent the growth rate that would obtain in the absence of long-run
inequality (no random ability factor) and no nonconvexities due to occupational
asymmetries (6 = 0, S = 1). In this special case, the growth rate depends only
on the quality of the education system and the total fraction of GNP allocated to
educational expenditures 7.

Since from Equation (35)

2(1—8)(1—A)+8
(1— 1D

(45) o=

the third term in Equation (44) measures the drag on growth imposed by the impact
of long-run inequality on productivity ®. This is similar to the effect emphasized by
Glomm and Ravikumar (1992) and Bénabou (1996a) and arises due to decreasing
returns to parental inputs into human capital formation. In contrast to these articles,
however, the absence of random ability here does not imply that this effect converges
to zero (¢ — 1). Occupational asymmetries always ensure that the distribution of
income is nondegenerate.

The final term measures the loss in growth due to the occupational effect. Lack
of appropriability results in underinvestment in human capital by low-skilled agents.
In the absence of occupational asymmetries (6 = 0), this term would be zero. The
presence of occupational asymmetries also generates a long-term loss due to the
reduced productivity caused by the extra inequality it induces.
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A change in the fraction of aggregate income allocated to education 7, holding the
relative shares going to the basic and higher education x, and x, constant, does not
affect relative income inequality in the current period or in the long run. However,
since it represents the share of investment in human capital formation coming from
the public sector relative to private sources, a change in the tax rate does affect the
growth rate.

PROPOSITION 4.  Growth increases with the share of aggregate income allocated to
public education if T < p and decreases if T > p.

This result is similar to Barro’s (1990) proposition that the growth rate first rises
with the ratio of government expenditures to GNP but declines with excessive gov-
ernment spending. In my context, government expenditure goes to the production
of human capital, not output. The main implication here is that once education ex-
penditures are such that 7 = p, there is a tradeoff, in terms of growth, between
expenditures at different levels of education.

Changing the relative expenditures on basic and higher education (while keeping
the share of income 7 constant) has several impacts. It is convenient to let X denote
the relative expenditure shares:

Xp

(46) X =

Xn

To begin with, suppose we ignore the last two terms of Equation (44) and focus on
the second. Maximizing this component of overall growth is equivalent to maximizing
the incomes of high-skilled workers who attend higher education. If we were to hold
enrollments S, constant, then the ratio of basic to higher education expenditures that
maximizes this component would be given by

0 1/1—p .
(47) X(S,) = <(Tb> Serlm

h

If expenditures on secondary education represented a pure public good so that o = 0,
then this would be the optimum. However, enrollments vary with relative expendi-
tures so that in general, with a > 0, we must account for the equilibrium response of
S,. An increase in X causes the EE curve to shift down so that equilibrium secondary
enrollment increases (see Figure 3). The curve denoted EQ, in Figure 6 represents
this positive equilibrium relationship between X and §,. It may be derived by substi-
tuting out A from Equations (12) and (14) to get

48)  f(S,X)=(1— 5)2[1 + 2(%) (ﬁ) (1 + %ZX’*S‘”‘)] — dP

Combining this with the XX, curve representing Equation (47) yields the equilibrium
expenditure ratio that maximizes the aggregate income of high-skilled workers X*.
As the curves are drawn, this optimum is unique. The following lemma shows that
this is in fact generally the case:
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LEMMA 4. There exists a unique ratio of public spending on basic education to that
on higher education X* that maximizes the aggregate income of high-skilled workers.

The change in the expenditure ratio X also operates in the short run through
the occupational effect [the last term in Equation (44)]. Given enrollments S,, the
transfer increases the productivity of low-skilled workers by more than it decreases
that of high-skilled workers. As a result, the current income-maximizing expenditure
ratio for any S, must exceed X*. This is represented by the upward shift in the XX
curve to XX, shown in Figure 6, which results in a higher optimal expenditure share
X** and a consequent increase in secondary enrollments.

Shifting resources toward basic education also has two dynamic effects via the
distribution of income. First, by compressing the distribution of incomes, it raises
the aggregate productivity of future generations by raising their average in-school
productivity (i.e., ® increases). Second, it generates future occupational effects by
making it easier for future generations to enter higher education. Both these effects
cause the SS curve to shift to the right and hence the EQ curve to shift to EQ,, as
illustrated in Figure 6. It follows that growth is unambiguously increased by allocating
greater resources to basic education, so the growth-maximizing ratio is X.

PROPOSITION 5.  The growth-maximizing ratio of basic to higher education expendi-
tures X exceeds that which maximizes the aggregate income of high-skilled workers and
satisfies

N 0 1w
(49) X <X< <M)
b,

Proposition 5 implies that when occupational asymmetries are present, a nonmono-
tonic relationship between growth and inequality arises from the reallocation of pub-
lic resources across different levels of education. As X is increased beyond the level

X EQ .
EQ1

A XXI
X ___________________
X[ et XX,
X* 7T VAR

0 S* S**S 1' S

FIGURE 6

DETERMINATION OF THE GROWTH-MAXIMIZING EXPENDITURE RATIO
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in Equation (47), the negative growth effects of the reduction in the quality of higher
education are outweighed by the positive growth effects of increased enrollments and
reduced parental inequality. Thus, over this range, growth rises as inequality declines.
Eventually, however, the effects of the reduced quality of higher education dominate,
so growth declines as inequality falls. The nonmonotonicity results from the tradeoff
between the quantity and quality of nonproduction workers. Eventually, the growth
benefits of “leveling the playing field” resulting from expanded enrollments are offset
by the costs resulting from the reduced human capital acquired by each student.!8

7. CONCLUDING REMARKS

This article constructed a dynamic general equilibrium model in which the allo-
cation of educational resources affected the distribution of income because of the
presence of asymmetries in the nature of occupational compensation. The model was
used to illustrate the immediate, transitional, and long-run implications of the re-
sulting nonconvexity in the returns to education for growth and income distribution
and to demonstrate the impacts of alternative allocations of educational resources
on the equilibrium growth-inequality relationship. In particular, it was shown that
the impact of the allocation of public resources on growth reflects a tension between
the trickle-down effects of higher education and the positive enrollment effects of
high-quality basic education and reduced parental income inequality.

This article provides a tractable framework that could be extended in a number of
directions. One strand of the recent literature on growth and inequality emphasizes
the endogenous role of voting and lobbying in determining outcomes (see Bénabou,
1996b). As Birdsall et al. (1995) observe, “The allocation of limited fiscal resources
for tertiary education, so common in Latin America, is an example of a fiscal policy
that reflects pressure for public spending on favored groups.” Another application
of the basic framework outlined here is the current debate concerning the causes of
the recent rise in the wage premium to nonproduction relative to production workers
(Wood, 1995). The model developed in this article generates a general equilibrium
theory in which the supply of low- and high-skilled workers is partly determined by
education policy.

APPENDIX

PrROOF OF LEMMA 1. The aggregate human capital of low-skilled workers whose
parents earned y is

_ _ 1 w, 1/(1-8)
(A1) 260 = (121 )(37) e

Observe that this cohort aggregate is independent of parental income—those co-
horts with greater human capital contain proportionately fewer production workers.

18 The upper bound on X in Propostion 5 represents the allocation at which no agent will acquire
secondary education (see Assumption 2). At this point, growth drops to zero.
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Since the population is normalized to one, the aggregate human capital of production
workers must satisfy

(A2) H, = (L)< d )1/15(9 H
' " \1-2,/\AH, n
so that
1/1-5
(A3 (3" = O
Substituting this into Equation (11) yields Equation (20). O

DERIVATION OF THE EQUILIBRIUM WAGE RATE. The aggregate supply of low-
skilled labor is given by

£ (n,w)

1

azF () = [ =i = (25 ) (5 )

@y Liw=[ [ G,

where ¥, = fn n*~'F,_,(dn). The aggregate demand for labor LP(w) is
1
(AS) Lrwy= [ [ iz n w)dzF,_(dn)
n 2 (n.w)

R
B <1 — 5>E /71 K /sz,w) zdzFi (dn)

Integrating over z’s gives

(A6) wwozaigggﬁfﬂﬂ—ﬂmwﬂﬁA@)

Substituting the expression for z{(7n, w) and rearranging yields

wn () B ) () (2

The equilibrium condition is L$(w,) = LP(w,), so
1 w 1 1) )
A8 — Y2V, = () (2
(A9 ()5 w=a () ()
1 I
L1V ()
2\1-s/)\1-2) 5,

Rearranging and solving for the time ¢ equilibrium wage yields Equation (32).

PROOF OF LEMMA 2.  Aggregate income is the sum of total high- and low-skilled
wages:

(A.9) Y, = /

n

1
/ U(n, Z, wz) dZFt—l(dn) +w,L,

c(n,wy)
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Since both v(-) and z°(-) are continuous and differentiable with respect to the wage,

(A10) Y, = /:O/

n

1
|:—/ ( )vw(n, z,w)dz — wz,(n, w)]F,_](dn)dw +w,L,
z¢(n,w

By the envelope theorem, v, (7, z, w) = —I(7, z, w). Hence

(A.11) Y, = /woo [Lf’(w) - W(dn)] dw +w,L,

But

(A.12) W = wz,,(n, w) + z(n, w)

so that

(A13) Y, = /M{Lf’(w) - [M — #(n, w)]Gt(a’n)} dw+w,L,
w, n dw

00

= [LtD(w) + St(w)] dw+w,L, +w,S,

which is the area under the upper envelope created by the supply and demand curves.
O

PROOF OF LEMMA 3. The EE curve Equation (12) has the following properties:

(A.14) %} _ (%% Maﬂsawl -0
' S, | g ptu)6,\x, l
d’x wo\ 6, [ x,\" e
(A.15) dszt = (m)é(f) ap(l — ap)S* 7 >0
t 1
(A.16) A0 =<1 and
p+u

0 I
Ay =2 - <L>i<ﬁ) -0
p+p pt+u) 0, \x,
Inverting Equation (36), the SS curve can be expressed as

5 5D, W,
2(1-5) 2(1-9)

(A17) A =14+ (1-85)72

Hence the SS curve has the following properties:

dA, 5,

A18 add ) 1-8)3 <0
S PR (= U
d2x 5D, ¥
A19 =3 (1 —-8)* <0
e PO (= A
. 5(1— ¥
(A.20) }linl A =-oc0 and A0)=1+ ﬁ o1
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Given these properties, the curves must intersect once and only once in the relevant
range. g

PROOF OF PROPOSITION 1. (a) Reorganizing Equation (36), we can write

(A21) £(S) = (1— S,)Z{l + 2[%][1 - )\(S,)]} =7,

Lemma 3 implies that, in equilibrium, f'(S,) < 0 and that f(-) represents a one-to-
one correspondence. The change in enrollments between periods ¢ and ¢ + 1 therefore
can be decomposed implicitly as follows:

(A.ZZ) f(St+l) - f(St) = [q)f-%—l‘PH—l - q)tq}t]
= [\I,t+l(q)t+l - q)t) + (I)t(\lftJrl - \Pt)]

But the change in the productivity effect is
'y b
(A.23) By =, = [ 0 F(dn)~ [ n'F,(dn)
n, My
Partial integration yields
1
(A24) By =D, =(1=p) [ 0[F(m) = Fi(m)]dn
LI
Similarly, the change in the occupational effect can be written as
1
(A.25) V=W ==(1=p) [ 0" *[F.i(n) = F(n)]dn

M

Substituting into the preceding expression yields
1
(A.26) f(St+1) - f(S)=0- p)/ (Vym™ — ‘I)m”_z)[thl(Tl) - Ft(n)] dn
LS}

But for any value of 7, it must be the case that F,_,(n) — F,(n) < 1. Hence it follows
that

1

(A2 S-S <)

P

= [t o)

2
1 @,
= (1 _ﬂt:lp) (‘Ptﬂ - T >
i

o,
(- (qf _ & )
L 4 ﬂt—l

(\Ijz+1777p - q)zn’Fz) dTI:I
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Thus a sufficient condition for f(S,,;) < f(S,) and hence for §,,, > S, is that

L
(A28) ¥

which, using Equation (32), is equivalent to
(A.29) ﬂf > Atﬂtl:f

Since, by assumption, n, > n _ and 4, < /(2 — §), this condition is satisfied if

) 1/14+p

Note that §,,; > §, implies that L, < L,.
(b) Recall that the lower support on the distribution of relative income is given by

w A DN\
A31 — L
( ) 1, v, ( v, >

Since F,(-) dominates F,_,(+) in the first-order stochastic sense, it follows immediately
that ®,,, > ®, and ¥, , < ¥,. In equilibrium, if S,,, > §,, as implied by part (a),
then A, < A, (see Lemma 2). Since

d4,  8(1—8)(1—A,)°+8(1—A,)
dr, — 2[(1=8)1—A,)+ 6]

(A.32) <0

it follows that A,,, > A,. Thus it must be the case that

W, W
Werr W

(A.33)

1_)I+1 1_)2

(c) Since L,,, < L, and w,,/v,,; > w,/V,, it must be the case that F, (n) <
F(n)V7n<w,/(1— A4 )0, (see Figure 5). For relative incomes 1 > w,,,/(1 —
Ai+1)V,,, the change in the distribution of relative incomes is given by

(A34) P = () = [ ZI5UFD) = (@)

Partial integration yields

1

(A35)  Fu(m)—F(n)=(1-p) /

n ~ - -
(575 )i = FGan
Since F,(-) dominates F,_,(-) in the first-order stochastic sense, this expression is
negative. It follows that F, ;(-) dominates F,(-) in the first-order stochastic sense.
(d) With Cobb-Douglas technology, the fact that L, , < L, implies that
Wiy - w,

Yoo Y

(A.36)
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Hence the linear segment OA of the time ¢ + 1 Lorenz curve (see Figure 4) must lie
everywhere above that at time ¢. Moreover, since it is equal to (1 — A)~! times the
slope of OA, the slope of the convex segment of the time ¢ + 1 Lorenz curve at A
must exceed that at time ¢. Since ®,,; > ®,, it is immediate from Equation (35) that

<
<

t+1 t

< —

(A.37)

~
=

t+1

Hence the slope of the time ¢ + 1 Lorenz curve at B must be less than that at time ¢.
Since both Lorenz curves are strictly convex over this range, the segment AB of the
time ¢+ 1 Lorenz curve must lie everywhere above that at time ¢. It follows that the
distribution of incomes at time ¢ + 1 exhibits less inequality than that at time ¢ in the
Lorenz dominance sense.

Given that F,(-) dominates F,(-) in the first-order stochastic sense, parts (a), (b),
(c), and (d) of Proposition 1 must hold for all ¢ by induction. O

PROOF OF PROPOSITION 2. A sufficient condition for the distribution to converge
is that P*(- | n) satisfies the monotone mixing condition (see Hopenhayn and Prescott,
1992). The MMC requires that 3 9 € (n*, 1) such that ¥ € > 0 3N such that

(A.38) PY([n, #lll)>e and  P¥([A,1][n) > €

where P¥([7m,, n,]|m) denotes the probability that the Nth descendant of an agent
with relative income 7 earns a relative income in the interval [7,, 1,].

To verify the first condition, consider the offspring of an agent with the highest
possible level of relative income n = 1. The probability that such an agent becomes
a production worker is

1 w
A.39 1 =(—)=>0
(A39) w0y = (125) & -

Since there is a strictly positive probability that the offspring of the richest agent
becomes a wage laborer, it follows immediately that the first condition holds. To
verify that the second condition holds, consider the child of a production worker who
earns the lowest possible relative income n* < AY2. The probability that such a child
becomes a nonproduction worker is N

(A.40) 1—@@ﬁw0:1—<T%X>G%tg

AP 5 b
1- —1-
T T [8+%1—&Q—AJ >0

Thus there is always a positive probability of an agent becoming skilled, even at the
lowest possible level of income. For any @ > 0, there is positive probability the child
of a wage laborer receives a quality draw z € [Z — w, Z]. Similarly, with positive
probability, his or her grandchild receives a quality draw z € [Z — w, Z], and so on.
For a sufficiently small w and after a sufficiently large number of generations, say,
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N, there is positive probability that the Nth descendant of the wage laborer receives
a relative human capital level in any neighborhood of 1. O

PROOF OF PROPOSITION 3.  (a) From Equation (12), %t | _5 < 0, so the EE
curve in Figure 3 shifts down when X is increased. It follows that S, increases and A,
decreases with X.

(b) It is immediate that the slope of the linear segment of the Lorenz curve o,
increases. Rewriting Equation (35) yields
v,  2(1-29) 6

A4l T, =t =
( ) 7 Yt CI)[ (Dt(l - /\t)

Thus, since A, declines, the slope of the convex segment of the Lorenz curve at B
decreases. Since the segment AB is strictly convex, it follows that the entire Lorenz
curve must shift up.

PROOF OF LEMMA 4. The EQ curve is given by Equation (48). From Lemma 3,
we know that, in equilibrium, f; < 0. We also can obtain the following derivatives:

(A42) fy=(1— S)ZC%MX”“S"" = % [£(S, X)—(1=8P(1+C)]>0

1—p M
(A8) frr=— (") <0 and =R lir20-5)0+0)
where
1-6 7

A4 c=2(=——°\(_*_
a4 () %)
The EQ curve is therefore positively sloped and strictly convex:
(A.45) §| =—f—X>O

x|,  fs
iy LS| L (R fifer) L [1+20-90+0)

dX* e fs fsfx fs X
Also,
(A.47) limS=1 and S>0 ifX=0

X—00

The XX curve is positively sloped and either strictly concave or strictly convex:

1/(1-p)
(A.48) as| _ ap <@> " et L g
dx }XX 1—p\6,
d>s

A4

1/(1—,
_ < bt ) ( an 1) (@) e gan/(1-u)-2
x 1—pu 1—p 0,

<0 fapu<l—p
X

>0 ifau>1—pn
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Also,

0 1/(1=p)

(A.50) X:<0—b> >0 ifS=1 and X=0 ifS=0
h

Given these properties, the curves must intersect once and only once on the relevant

range.

PROOF OF PROPOSITION 5. Let X = x,/x, represent the allocation of public
resources. Then the growth rate in Equation (44) may be expressed as

(A51) I'=k—(1-p)logo + pdlog XS** — plog(1l + XS*)
— po — ud
N <u> log(6, XS + 0,)
o

where k represents terms that do not depend on the allocation of public resources. To
begin with, ignore the effects on growth resulting from increased parental inequality.
Then, differentiating with respect to x yields

dar _ ps  pS

A5y TP PO (o ps— o) (

0, X150
X T+XxS®

0,X"S** + 0,
Rearranging yields

dl' péf, — uée, xX*S*
A53) = San
(A3 = X(axrs=+o,) TP

0,X 18 — 9,
(14 XS)(0,X"S + 6,)

Suppose that the allocation of resources X, is such that the quality of the education
received by high-skilled workers is maximized. Equation (47) holds, so

) 1/(1-p)
(A.54) X = (F”sa“>

h

and the second term in Equation (A.53) is zero. At allocation X,
(ASS) Slgn E — Sign (pel/(lfﬂ) _ Mel/(lfﬁ)sau/(lfp,))
adx h b

From Equation (13) this expression must be positive for all S € [0, 1], so growth
could be increased by transferring resources toward basic education (increasing X).
Now suppose that the allocation of resources X, is such that A* = 0, so the first term
of Equation (A.53) would be zero and

1/p
po, 1
A.56 X, =|— —
( ) : <M9b> s

It follows that at this allocation

. dr . _ a _
(A.57) Sign <d7> = sign (M(l #)/#9})/#5 —pt P—)/Me}l/ﬂ)
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From Equation (13) this expression must be negative for all S € [0, 1], so growth
could be increased by transferring resources toward higher education (reducing X).

A transfer of resources from higher to basic education unambiguously lowers the
value of o and generates a first-order stochastic increase in the distribution of relative
incomes that raises future enrollments S [as shown in Proposition 1(a)]. Both these
effects raise growth. However, if X > X,, no agent would enter higher education, and
growth would be zero. It follows that the growth maximizing allocation of resources
X must satisfy Equation (49). O
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