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Modern economic growth

• Growth rate of U.S. per capita income over 
the course of this century ≈ 2% per year.

• Relative to most of human history, 2% 
growth is exceptionally high!

Netherlands (1580-1820): 0.2%
U.K. (1820-1890): 1.2%



Facts: Growth rates



… Modern economic growth

• Between 1870 and 1978, U.S. per capita 
income has increased by a factor of 7.5, 
Sweden by a factor of 11, Japan by a factor 
of 16!

• If the 2% growth rate is sustained, incomes 

will double every 35 years.



• If the growth rate is γ, how long does it take to 
double the per capita income? 

• Let the number of years be T. 
yT = (1+γ)Ty0 where yT = 2y0.
Then, ln(2) = T ln(1+γ).

• At a growth rate of 2%, per capita income 
doubles approximately every 35 years. At a 
growth rate of 7%, per capita income doubles 
approximately every 10 years. 



… Facts: Growth rates



… Facts: Growth rates



Convergence?



... Convergence?



… Conditional convergence



Facts: Income levels
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… Facts: Income levels



1 Introduction

• Large differences in living standards across countries over the last 40 years.
Measured by GDP per capita, the ratio of rich to poor is more than 30.

• Accounting based on the Solow growth model implies that the income
differences are largely due to TFP differences.



... Introduction

• A rough calculation based on exogenous TFP differences in the Solow
model

— yt = A(1+γ)t(1−θ)kθt , where γ is labor-augmenting technical progress
and θ is capital share.

— kt+1(1 + n) = (1− δ)kt + syt.

— Balanced growth implies kt+1 = (1 + γ)kt, so

kt(1 + n+ γ + nγ) = (1− δ)kt + syt



... Introduction

• Approximately,
kt
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... Introduction

� Alternatively,
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... Introduction

• Ratio of kyrich to
k
ypoor equals 2.7 (Hall and Jones, 1999, estimate the

ratio to be 3.6).

— Suppose that the rate of exogenous technical progress is the same
across countries i.e., γrich = γpoor.

— With θ = 0.4, if the TFP ratio Arich to Apoor is 3, the income differ-
ence is a factor of 12.



... Introduction

� Quantitative explanations for cross-country income di¤erences

� Small di¤erences in TFP, but large non-linear e¤ects on factor alloca-
tion.

� Observed income di¤erences do not translate into welfare di¤erences
e.g., Home production models.

� Barriers to technology adoption, capital accumulation



... Introduction

� Point of departure: The observed income di¤erences over the last 40 years
are not steady state di¤erences.

� Objective: To quantitatively account for the observed long run di¤erences
between rich and poor countries in

� Income

� Savings rate
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... Introduction

� This paper contributes to the quantitative theory of evolution of inequality.
It relies on initial endowment di¤erences.

� Factor accumulation plays a key role in the evolution of income inequality.

� TFP is endogenous.



2 Economic Environment

2.1 Technology

y1 = a1k1; y2 = ea2k2
k01 = (1− δ)k1 + i1

k02 = (1− δ)k2 + i2

c+ i1 + i2 = y1 + y2.

ea2 is i.i.d.; Eea2 > a1 ≥ δ.



2.2 Preferences

E0

∞X
t=0

βt
(ct − c)1−σ

1− σ

• The utility function is quasi-homothetic. The intertemporal elasticity of
substitution varies with wealth when c > 0. When wealth is sufficiently
large, the effect of c is negligible.

• c is not subsistence consumption.



2.3 Endowments

The representative agent is initially endowed with k10 and k20. The endow-
ments are sufficiently large to finance the minimum consumption forever.



2.4 Optimization

The respresentative household’s problem, given initial endowments, is to

maxE0

∞X
t=0

βt
(ct − c)1−σ

1− σ

s.t. ct + i1t + i2t = y1t + y2t,

k1t+1 = (1− δ)k1t + i1t,

k2t+1 = (1− δ)k2t + i2t.



A transformation of the household’s problem:

• Define r1 = a1 − δ and er2t = ea2t − δ. (In equilibrium, r1 and er2 will be
the rental rates on riskless and risky capital, respectively.)

• Define discretionary consumption as bc = c − c and discretionary riskless
capital stock as bk1 = k1 − c

r1
.

The respresentative household’s problem becomes

maxE0

∞X
t=0

βt
bc1−σt

1− σ

s.t. bct + bk1t+1 + k2t+1 = (1 + r1)
bk1t + (1 + er2t)k2t.



• The transformed problem is similar to the optimal consumption and savings
problem in Hakansson (1970).

• Step 1: Solve the portfolio problem — allocate a unit of wealth between
risky and (discretionary) riskless assets.

• Step 2: Solve the consumption-savings problem in each period — decide
how much to consume from the beginning-of-period wealth in each period.

• The portfolio weight does not change over time, so the portfolio problem
has to be solved only once.



3 Results: Decision Rules

• The optimal portfolio weight φ∗ solves

max
1

1− σ
E {(1 + er2)φ+ (1 + r1) (1− φ)}1−σ .

Denote the maximized value of this objective function as ρ∗.

• Denote the wealth at the beginning of period t as

eωt ≡ (1 + er2t)k2t + (1 + r1)
bk1t.



... Decision Rules

• Then the decision rules are

bct = (1− {β(1− σ)ρ∗}1/σ)eωt,
bk1t+1 = {β(1− σ)ρ∗}1/σ(1− φ∗)eωt,

k2t+1 = {β(1− σ)ρ∗}1/σφ∗eωt.



4 Calibration

• Suppose that the model period is 1 year and that there are 100 closed
economies. The only difference between these economies is the initial level
of wealth.

• Atkeson and Ogaki (1996) and Rosenzweig and Wolpin (1993):

c = 177

β = 0.95

σ = 0.964

r1 = 0.0536.



• The random variable er2 ∈ {xL, xH} with probabilities π and 1− π.

• The distribution of er2 and the initial wealth levels are chosen to deliver the
following:

— initial GDP for the poor country is roughly equal to its value in the
year 1500,

— initial GDP of the rich country is twice as high as that of the poor
country in the year 1500,

— the poor country’s growth rate remains low around 0.1%.



5 Quantitative implications
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