Vincent Wei-Cheng Chen

Econ 503 Homework 3
Answers

1. (10.C.3)
(a) The first order conditions are c(gj) > A for all j, and hold with
equality if ¢; > 0, where A is the Lagrange multiplier.
(b) By the Envelope theorem C’(q) = A since ¢ appears only in the
constraint.
(c) Firm j solves
max pg; — ¢;(¢;).
Let p = C’(q). The first order conditions are C'(q) = c/(¢;) for ¢; > 0.
If we assume strict convexity and strict monotonicity then ¢; = ¢; and
hence the supply sunction is q(p) = > q; = >_q¢; = ¢. That implies

C’(q) is the inverse industry supply function.

2. (a) Assume that F1(K' L'), F?(K?, L?) are continuous, strictly con-

cave, and strictly increasing. The production possibility frontier is

solved by
Y'=g(K,L,I)=max F'(K' L")
s.t.
0<K'<K
0<L'<L

FY (K - K. L-L">1I



To show concavity, let (K*, L} I*) = \(K, L, I)+ (1= \)(K', L', I) for
0< A< 1 Let(K' L") and (K", L") solves q(K, L, I) and ¢(K', L', I")
respectively. Finally let (K, L) = MK, L) 4 (1 — \)(KY, LY).

Then we have

0< L™ <IN

Moreover, by concavity of F'(K!, L') and F?*(K?, L?),

F2(K)\ _ Kl/\,L)‘ _ Ll)\) Z ])\7
g(K> LA 1Y) > FYK L) > Ag(K, L, 1) + (1= Ng(K', I/, I').

(b) To show that g(K, L, I) is increasing with K and L, let (K’, L") >
(K, L) and (K, L**) solves g(K, L, I). Then

g(K',L',I) > F{(K'-K+K", L' -L+L") > F}(K™ L") = g(K, L, I).

To show that g(K, L, 1) is decreasing with I, let I’ < I. Then there

exist € > 0 such that
F(K—KY —e L—-LY"—¢ >1T.

Then g(K, L, I') > FY (K" + ¢, L' +€) > g(K, L, I).

(c) Assume that F'(K*', L) and F?(K?, L?) are linearly homogeneous

and differentiable. Then from the envelope theorem and the first order



conditions of the above problem we get

WEED = NFA(K - K',L— L") = F}(K', L"),

WUSLD  — \F}(K — K',L — L) = Fj(K"', L"),

og(K,L,I) _
oI =-A

On the other hand, in a competitive market the consumption goods

sector’s objective is

max F' (K, LY + q(1 — p)K* —wL' — rK*,
K1,L!

and the investment goods sector’s objective is

max ¢[F*(K? L*) + (1 — p)K?* —wL? — rK?,
K212

where 7, w, g are the price of capital (rental rate), labor (wage rate),

and investment respectively. So the first order conditions for firms are
ro= Fll(K17 Ll) + Q(l - :U’) = Q(FE(K27 L2) +1- :u)a
w = F(K', LY) = gF3 (K2, 1?),

Thus given g(K, L, I), we can solve

dg(K,L,I
g =\=— 9(81 ),
8g(K,L,I
r o= g(aK )+Q(1_/“L)7
_ 9g9(K,L,)
w = L .

(d) Let K™, LY solves g(K, L,I) = F'(K, L'). The ratio of factors

. 1= 2% _pclx .
used in the two sector are %, % = %, respectively. However,

without further assumptions, we cannot decide which ratio is bigger.



(e) Factor intensity assumption: Suppose that one good (good 1)

is relatively more intensive in labor than the other good (good 2), i.e.

ar1 (p) ars (P)
ax1(p)  ara(p)

, for all p = (w,r),

where a;;(p) is the good i needed to produce 1 unit of good j, given
price vector p and cost minimization.

Stolper-Samuelson Theorem: Given the factor intensity assump-
tion, if the price of output j increases, then given interior equilibria
both before and after the price change, the equilibrium price of the fac-

tor more intensively used in the production of good j increases, while

the price of the other factor decreases.!

3. (a) In the competitive equilibrium, the firm’s objective is

Ertl% F(Kt, Lt) — tht — Tth

Assume that F/(K, L) is increasing, concave, and linearly homogeneous.
Note that at the optimal choice of (Ky, L), ry = Fi1(Ky, Ly), wy =
FQ(Kt, Lt), and F(Kt, Lt) = tht + Tth.

The consumer’s objective is

max S'u(cy)
ct, K1

s.t.

Cct + Kt+1 S tht + Tth, Lt =1 \V/t, ]{?0 given.

LCheck MWG 15.D for discussions.



Note that using firm’s optimality conditions, {¢;, K;11} also solves the

planner’s problem:

W(Ky) = max §'u(cy)

ct, Kep1

s.t.

¢+ K < F(Ky, 1) Vi, ko given.

(b) Note that by principle of maximality, the planner’s problem is

equivalent to solving the Bellman equation

W(K) = maxu(c) + SW(K'), s.t. c+ K' < F(K,1).

c, K’

Note that the right-hand side of the equation is a standard consumer

choice problem between choosing consumption and capital investment.

(c) If K’ > K, then in the next period the consumer solves

W(K') = rpia(%u(c') + W(K"), st. d+ K" < F(K',1).

Note that monotonicity of w implies ¢ + K’ = F(K,1) < F(K',1) =
¢ + K", and strict concavity of w implies W is strictly concave. Then
from the first order conditions u'(c) = 0W'(K') and u'(¢') = dW'(K")
we can show K” > K’. The intuition of this result is that both con-
sumption and investment are normal goods, and so when the budget

constraint relaxes the levels of both goods increase. Similarly if K’ < K



then K" < K'.

(d) For decreasing K;, since K; is bounded below by 0, it will con-
verge to some K*. On the other hand, for increasing K; it can either
converge to a finite level or has unbounded growth. Note that from
the Euler equation u'(¢;) = 6u/(cpy1) Fi(Kiy1, 1), for increasing K, we
will also have increasing ¢; and hence 1 < §F;(K;;1,1), given that
u'(¢) > 0. Since the marginal productivity of capital Fi(K,1) is de-
creasing with K, the necessary and sufficient condition for converging

Ky is limg o F1(K, 1) < 1/4, given that F1(0,1) > 1/4.



